We study the nonexistence of (nontrivial) global solutions for a class of fractional integro-differential problems in an appropriate underlying space. Integral conditions on the kernel, and for some degrees of the involved parameters, ensuring the nonexistence of global solutions are determined. Unlike the existing results, the source term considered is, in general, a convolution and therefore nonlocal in time.
Introduction
We consider the initial value problem Problem () includes many interesting special cases. When α = , σ =  and k(t) = δ(t) (the Dirac delta function), the equality in () reduces to the initial value for the Bernoulli differential equation ⎧ ⎨ ⎩ x (t) + x(t) = x q (t), t > , q > ,
for which the solution is 
can be transformed by differentiation into the second-order ordinary differential equation
When c =  q+ x q+  , x  > , the solution of () is given by
and it blows up in the finite time 
blows up in finite time if and only if, for some β > ,
Here f (t) is assumed to be continuous, nonnegative and nondecreasing for t > , f ≡  for t ≤ , and lim t→∞
has no global solution when c  ≥ ,  < q ≤ θ+ -β and θ > -β. The authors in [] proved that all nontrivial solutions u ∈ C([, T max , C  (R N ))) of the initial value problem
where q > ,  ≤ γ <  and u  ∈ C  (R N ), blow up in finite time when u  ≥  and q ≤
. See Remark  for the main difference of this result with the present one. This will clarify our main contribution.
It is known from the definition of Riemann-Liouville fractional derivative that it uses in someway all the history of the state through a convolution with a singular kernel. Moreover, in the case of fractional integro-differential equations, the source term may involve additional singularities in the kernel. Because of all these issues, it is difficult to apply the approaches and methods for integer order existing in the literature to the non-integer case.
As is well known, studying the nonexistence of solutions for differential equations is as important as studying the existence of solutions. The sufficient conditions for the nonexistence of solutions provide necessary conditions for the existence of solutions. Investigating the nonexistence of solutions for differential equations provides very important and necessary information on limiting behaviors of many physical systems. It is also interesting to know what could happen to these solutions in cases such as blowing up in finite time or at infinity. In industry, knowing the blow-up in finite time can prevent accidents and malfunction. It helps also improve the performance of machines and extend their lifespan.
There For the issue of nonexistence of local solutions and global solutions for fractional differential equations, we refer to [-] and the references therein. However, to the best of our knowledge, there are no investigations on the nonexistence of solutions for fractional integro-differential inequalities of type ().
In this paper, we prove the nonexistence of (nontrivial) global solutions for the initial value problem () under some integral conditions on the kernel k(t). The proof is based on the test function method due to Mitidieri and Pohozaev [] adopted here to the fractional case, see also [, , ]. For the purpose of studying the effect of considering one or two fractional derivatives, we choose σ to be either  or .
Our results could be utilized to identify the limitations of many physical systems and to analyze the behavior of solutions of some nonlinear fractional differential equations and inequalities for which the explicit solution may not be available. Also, our results will extend the abundant results on integer-order problems to the (limited results available for) fractional-order problems.
The rest of this paper is organized as follows. In the next section we briefly recall some necessary material from fractional calculus that we use in this paper. Section  is devoted to the statements and proofs of our results. Some applications and special cases are given in Section .
Preliminaries
In this section we introduce some notation, definitions and preliminary results from fractional calculus. 
respectively, provided the right-hand sides exist. We define I
The function is the Euler gamma function. In particular, when α =  and α = , it follows from the definition that
For more details about fractional integrals and fractional derivatives, the reader is referred to the books [-].
We denote by L p (a, b),  ≤ p < ∞, the set of Lebesgue real-valued measurable functions
where
We 
respectively, where  ≤ γ < , μ ≥  and C [a, b] is the space of continuous functions. The next lemma shows that the Riemann-Liouville fractional integral and derivative of the power functions yield power functions multiplied by certain coefficients and with the order of the fractional derivative added or subtracted from the power.
Now we consider a useful property of the Riemann-Liouville fractional integral
A formula for the fractional integration by parts is given in the next lemma. 
Lemma  ([
In this paper, we use the test function
This test function has the following property.
Lemma  Let ϕ be as in () and p > , then for
λ > p -, T  ϕ -p (t) ϕ (t) p dt = λ p (λ -p + ) T -p , T > . Proof T  ϕ -p (t) ϕ (t) p dt = T  T -λ+λp (T -t) λ-λp -λT -λ (T -t) λ- p dt = λ p T -λ T  (T -t) λ-p dt = λ p (λ -p + ) T -p .
The nonexistence results
In this section we study the nonexistence of a global solution for the initial value problem (). We start with the following lemma.
Lemma  Let  ≤ ν ≤  and p > . Let ϕ be as in () with λ > p -. Suppose that k is a nonnegative function which is different from zero almost everywhere and t
for all  ≤ t < T. Using Hölder's inequality with
Therefore,
Let τ = s -t in the inner integral, then we obtain the uniform bound
Now the result follows from Lemma .
Definition  By a global nontrivial solution to problem (), we mean a nonzero function
] for all T >  that satisfies the inequality and initial conditions in ().
In what follows we provide the conditions under which problem () cannot have global nontrivial solutions.
Theorem  Let  ≤ β < α ≤  and k be a nonnegative function which is different from zero almost everywhere. Assume that
where q = 
An integration by parts for each integral on the right-hand side of () gives
and
Also, since I -β
and () becomes
Having in mind that c  ≥  and ϕ is negative, we entail that
Applying Lemma  to each integral on the right-hand side of (), we obtain
To obtain a bound for the expression J, we rewrite J as
inside each integral on the right-hand side of () and apply Hölder's inequality
Using Lemma , we get
where  =  q - max{ α,q , β,q }. Assumption () leads to a contradiction since the solution is supposed to be nontrivial.
Our Theorem  shows that the fractional damping is not able to remove the effect of nonlinearity. It provides sufficient conditions on the exponent q and on the family of kernels, which leads to the nonexistence of global solutions.
As a corollary of Theorem , we have the following result.
Corollary  Let  ≤ β < α ≤  and k be a nonnegative function which is different from zero almost everywhere with t Proof To prove this corollary, it suffices to notice that conditions () and () imply that hypothesis () is fulfilled. Indeed, in virtue of (), we have
Remark  Observe that the upper bound of the exponent γ is controlled by the order β of the lower derivative.
As an example of the kernels in Corollary , we have the following case when the righthand side of () is the Riemann-Liouville fractional integral of |x(t)| q .
Example  The problem 
is a special case of problem () with
Therefore, as a consequence of Corollary , problem () does not admit a global nontrivial solution when c  ≥ .
